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Abstract
We use effective kinetic theory to study the pre-equilibrium dynamics in heavy-ion collisions. We describe the evolution
of linearized energy perturbations on top of out-of-equilibrium background to the energy-momentum tensor at a time
when hydrodynamics becomes applicable. We apply this description to IP-Glasma initial conditions and find an overall
smooth transition to hydrodynamics. In a phenomenologically favorable range of η/s values, early time dynamics can
be accurately described in terms of a few functions of a scaled time variable τT/(η/s). Our framework can be readily
applied to other initial state models to provide the pre-equilibrium dynamics of the energy momentum tensor.
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1. Introduction
The expansion of Quark Gluon Plasma fireball in heavy ion collisions is successfully described by rela-
tivistic hydrodynamics with small shear viscosity over entropy ratio η/s [1, 2, 3]. However, the early time
equilibration and isotropization necessary for this hydrodynamic description is outside the scope of hydro-
dynamics and initial conditions at hydrodynamic initialization time τinit ∼ 1 fm have to be supplied by other
models. A desirable pre-equilibrium description would naturally and smoothly transition to hydrodynamics
and, therefore, eliminate the dependence on the initialization time τinit [4, 5, 6].
In the limit of weak coupling at high collision energies, the early time dynamics can be described by
a combination of Color-Glass Condensate (CGC) saturation framework [7, 8, 9] and effective kinetic the-
ory [10, 11]. Classical lattice simulations showed that the so called “bottom-up” is the preferred thermal-
ization scenario in the weak coupling limit [12, 13], and kinetic theory realization of uniform background
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Fig. 1. (a) Energy density decomposition to the average and perturbations within a causal circle |x−x0 | < c(τinit−τ0), which determines
the system response at (τinit, x0). (b) Kinetic theory equilibration of boost invariant background energy density in scaled time units
τT∞/(4piη/s), where T∞(τ) ≡ 1/τ1/3 limτ→∞(τ1/3T (τ)). At early times the expansion resembles free streaming, but at late times the
evolution agrees with the hydrodynamic gradient expansion given in Eq. (3)
evolution at moderate values of the coupling constant (which determines the effective η/s) reaches hy-
drodynamic behavior in a phenomenologically reasonable time [14]. In this work we describe a practical
implementation of kinetic theory pre-equilibration stage for the transverse energy and momentum perturba-
tions [15, 16].
2. Kinetic theory response
One of the key features of equilibration is the memory loss about the initial state. The late time hy-
drodynamic evolution of heavy ion collisions is given in terms of the conserved charges (energy and trans-
verse momentum), therefore we use the energy momentum tensor components T µν, i.e. the first moments
of the distribution function, to characterize the out-of-equilibrium evolution of particle distribution function
f (p, x, τ) in the effective kinetic theory. Causality restricts the system response to its neighborhood, and
the time when hydrodynamic description becomes applicable τinit is typically short compared to the size of
heavy ion collision area. Therefore we use linearized perturbations of the distribution function to calculate
the out-of-equilibrium energy momentum tensor perturbations δT ρσ(x, τ). Then the total energy momen-
tum tensor at τinit can be written as a sum of background T
µν
avg(x, τinit) and the convolution of kinetic theory
response function Gµνρσ(x − x′, τ0, τinit) to initial state perturbations δT ρσ(x′, τ0) 1
T µν(x, τinit) = T
µν
avg(x, τinit) +
∫
|x−x′ |<|τinit−τ0 |
d2x′Gµνρσ(x − x′, τ0, τinit) δT ρσ(x′, τ0). (1)
Here the background T µνavg(x, τinit) is taken to be uniform and boost invariant within the causal circle (see
Fig. 1(a)). The nonlinear background equilibration is described by kinetic theory map F
T µνavg(x, τinit) = F
[
T ρσavg(x, τ0), τ0, τini
]
, (2)
which is computed by direct simulation. Based on a suitable form of perturbations of the quasi-particle
distribution function f (x, p, τ), the coordinate Green functions Gµνρσ(x − x′, τ0, τinit) are calculated using the
linearized evolution of the Boltzmann equation with gluonic elastic scatterings and inelastic particle number
changing processes [15, 16].
1 In Eq. (1) the indexes of δT ρσ refer to the conserved components of energy momentum tensor, i.e. δe = δT 00 and gi = δT 0i.
/ Nuclear Physics A 00 (2018) 1–5 3
0
20
40
60
80
100
120
140
0 1 2 3 4 5
τ0 τinit = 1.2 fm
hydrokinetic th.
(e
τ
4
/
3
)/
[n
o
rm
]
τ fm
τinit = 0.4 fm
τinit = 0.8 fm
τinit = 1.2 fm
0
20
40
60
80
100
120
140
0 1 2 3 4 5
(e
τ
4
/
3
)/
[n
o
rm
]
τ fm
τinit = 0.4 fm
τinit = 0.8 fm
τinit = 1.2 fm
kinetic theory free streaming
a) b)
Fig. 2. Energy density evolution at the center of a fireball after matching to hydrodynamics τinit = 0.4, 0.8, and 1.2 fm. The pre-
equilibrium evolution τ0 < τ < τinit done in (a) kinetic theory (b) free streaming.
The expected late time behavior of the boost invariant energy density is given by a hydrodynamic gradi-
ent expansion
Hydro prediction: τ4/3e¯ = (τ4/3e¯)∞
(
1︸︷︷︸
ideal
− 8
3
η/s
τT︸︷︷︸
viscous
+ C2
(
η/s
τT
)2
︸     ︷︷     ︸
2nd order hydro
+ . . .
)
(3)
where C2 is a constant depending on the second order transport coefficients. In Fig. 1(b) we compare the
background energy evolution in kinetic theory to a second order hydrodynamic asymptotics. Empirically
we find that for the relevant range of η/s values, equilibration is universal if plotted in units of kinetic theory
relaxation time τR = (η/s)/T . Similarly to the background, kinetic theory response functions at the same
τ/τR look the same if plotted as a function of radial distance r/τ in the causal circle (not shown).
3. Results and Conclusions
We apply kinetic theory pre-equilibrium evolution to a realistic energy density profile taken from IP-Glasma
initial state model at τ0 = 0.2 fm [17, 18]. The energy perturbations and the background are then propagated
to hydrodynamic initialization time τinit, which is varied. In Fig. 2 we show the energy density evolution at
the center of the fireball after matching to hydrodynamics at τinit = 0.4, 0.8, and 1.2 fm. We observe that
the kinetic theory pre-equilibrium smoothly matches hydrodynamic evolution and the subsequent evolution
is largely independent of the switching time τinit. In contrast, the free streaming evolution does not match
hydrodynamics and the late time behavior is sensitive to hydrodynamic initialization time. In Fig. 3 we
show the transverse slice of energy density of the same event at different times τ. We see that the transverse
profile agrees well between all three hydrodynamic initializations. During the pre-equilibrium evolution the
initial energy perturbations also induces a transverse flow, which is an important input in hydrodynamic
initialization and can be captured by kinetic theory evolution.
Based on a microscopic description of bottom-up thermalization, we demonstrated the feasibility of
event-by-event simulations of the pre-equilibrium dynamics for realistic initial conditions. Naturally our
description can be smoothly matched to the subsequent hydrodynamic evolution, thus eliminating the de-
pendence on hydrodynamic initialization time.
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